Introduction {#Sec1}
============

Uncertainty occurs in many production processes and has a direct impact on their smooth execution. For instance it is important in construction domain to deliver goods with no delays, but it is not easy to meet this requirement as the transportation time depends on many external factors like weather conditions, traffic jams, driver's condition and many others. Moreover, effective solving practical problems and taking the best approach requires also thorough knowledge of the process or production system and values of all parameters. For example an uncertain data of the duration of activities (operations) can be measured and in result: approximated as deterministic ones in case the variance is small enough, modeled by an appropriate probabilistic distribution or determined the membership function for the fuzzy representation. So, as in practice it is difficult to clearly determine the process parameters, quite often safe ones are taken (e.g. assume longer transportation time) what is an opportunity for further improvements.

Research on scheduling problems carried out for many years is related primarily to deterministic models where the key assumption is that parameters are well defined. For those, mostly belonging to the class of strongly *NP*-hard problems, a number of very effective approximate algorithms have been developed. Solutions determined by these algorithms are very often only slightly worse from the optimal ones. In practice, however, as already mentioned, some parameters (e.g. operation times) may differ during the process execution from the initially assumed values. This can cause that the actual cost of execution is much bigger than expected what leads to either losing optimality or even acceptability (feasibility) of solutions.

In order to close that gap in recent years more and more research has been conducted on developing methods which find more robust solution resistant to data disturbance. Uncertain parameters are usually represented by random variables or fuzzy numbers and extensive review of methods and algorithms for solving optimization problems with random parameters is presented by Vondrák in monograph \[[@CR12]\] and newer of Shang et al. \[[@CR9]\], Soroush \[[@CR10]\], Xiaoqiang et al. \[[@CR14]\], Urgo and Vancza \[[@CR11]\], Zhang et al. \[[@CR15]\] and Bożejko et al. \[[@CR2], [@CR4]\] and \[[@CR6]\].

In this paper we consider a single machine scheduling problem with due dates in two variants where either job execution times or due dates are represented by independent variables with normal distribution. We also present some properties of the problem (so-called block elimination properties) accelerating the review of neighborhoods in local search algorithms. The main goal is to compare the robustness of the block-based tabu search algorithm in the classic and the proposed random model and show the superiority of the latter one.

Deterministic Scheduling Problem {#Sec2}
================================
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                \begin{document}$$w_i$$\end{document}$ be a cost for tardy jobs.

Every sequence of jobs execution can be presented as a permutation $\documentclass[12pt]{minimal}
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The cost of jobs' execution determined by the permutation $\documentclass[12pt]{minimal}
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Probabilistic Jobs Times {#Sec3}
========================

In order to simplify the further considerations we assume w.l.o.g. that at any moment the considered solution is the natural permutation, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$F_X$$\end{document}$ denotes its cumulative distribution function.

In this section we consider a *TWT* problem with uncertain parameters. We investigate two variants: (a) uncertain processing times and (b) uncertain due dates.

Random Processing Times {#Sec4}
-----------------------

Random processing times are represented by random variables with the normal distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$i\in \mathcal {J}$$\end{document}$. Other parameters, i.e. due dates $\documentclass[12pt]{minimal}
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                \begin{document}$$W(\pi ) = \sum _{i=1}^n w_{\pi (i)} U_{\pi (i)}$$\end{document}$ (see ([1](#Equ1){ref-type=""})). A corresponding cost in the random model is defined as the following random variable:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$E(\tilde{U}_i)$$\end{document}$ is the expected value of the random variable $\documentclass[12pt]{minimal}
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Random Due Dates {#Sec5}
----------------

Random due dates are represented by random variables with the normal distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$w_i$$\end{document}$ are deterministic. Delay indication is a random variable$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{U}_i= {\left\{ \begin{array}{ll} 0 &{} \mathrm{dla }\quad C_i \leqslant \tilde{d}_i, \\ 1 &{} \mathrm{dla }\quad C_i > \tilde{d}_i. \end{array}\right. } \end{aligned}$$\end{document}$$In this variant of the problem we apply the comparison function ([5](#Equ5){ref-type=""}) defined in the previous section.

The *TWT* problem in both variants (i.e. with random processing times and random due dates) is to find a permutation for which the comparison function ([5](#Equ5){ref-type=""}) is minimal in the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPi $$\end{document}$. We denote the probabilistic version of the problem as *TWTP*. As the deterministic version, the problem belongs to the class of *NP*-hard problems.

Blocks in Random Model {#Sec6}
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Random Processing Times and Due Dates {#Sec7}
-------------------------------------
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We distinguish two types of blocks:E-Random Blocks, denoted as $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar1}
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### Proof {#FPar2}

Let's consider the following 2 cases.
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The above theorem also holds in case where we consider only random processing times or only random due dates and each case the proof is analogous.

Improving Robustness by Applying the Derived Theorem {#Sec8}
----------------------------------------------------
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Computational Experiments {#Sec9}
=========================

In this section we present the results of the robustness property comparison between the tabu search method with blocks and the tabu search method with blocks and theorem applied in a way described in Sect. [4](#Sec6){ref-type="sec"}. All tests are executed with a modified version of tabu search method described in \[[@CR1]\]. The algorithm has been configured with the following parameters: $\documentclass[12pt]{minimal}
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All the presented results in this section are calculated as the relative coefficient according to the following formula:$$\documentclass[12pt]{minimal}
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An algorithm without applied theorem we denote by $\documentclass[12pt]{minimal}
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Results {#Sec10}
-------

In Tables [1](#Tab1){ref-type="table"} and [2](#Tab2){ref-type="table"} we present a complete summary of the computational experiments results. Values from columns $\documentclass[12pt]{minimal}
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We can easily observe that applying the theorem into the method improves results very significantly for all the investigated cases. We can also observe that robustness coefficients for random $\documentclass[12pt]{minimal}
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Parallelization Consideration {#Sec11}
-----------------------------

The tabu search method is well paralleling. According to the classification proposed by Voß \[[@CR13]\], four models of the parallel tabu search method can be considered: SSSS (Single Starting point Single Strategy), SSMS (Single Starting point Multiple Strategies), MSSS (Multiple Starting point Single Strategy), MSMS (Multiple Starting point Multiple Strategies). They refer to the classic classification of Flynn's parallel architectures \[[@CR7]\]. In the version proposed in this paper where block approach is applied it is natural to use MSSS or MSMS diversification strategies, because the block mechanism is quite easily parallelized (each block can be considered separately \[[@CR3]\]). The use of 'tree' strategies using the same start solution is also possible provided the fact that the process of searching the solution space at a later stage is diversified (e.g. by using different tabu length for individual threads or through a mechanism of dynamic tabu list length change \[[@CR1]\]).

Conclusions {#Sec12}
===========

In the paper we considered a single machine tabu search method with block approach in an uncertain environment modeled by random variables with the normal distribution. We proposed a theorem which allows to modify the base tabu search method in a way which improves the robustness of calculated solutions. Computational experiments conducted on disturbed data confirmed substantial predominant of the method after applying the proposed theorem.
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